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ANANALYSISOFSUPERSONICFLOWINTHEREGIONOFTHEliElilXNG

EIUEOFCURVEDAIRFOILS,INCLUDINGCHARTSFORDETERMINING

SURFACE-PRESSUREGRADIENT~ SHOCK-WAVECURVATURE

By SamuelKraus

SuMMARY

Inviscidflowintheregionof theleadingedgeofcurvedairfoils
withattachedshockwavesisinvestigated.Tablesandchartsarepre-
sentedfordetern@ingthesurface-pressuregradientandthesh-ock-wave
curvaturein supersonicflowofan idealdiatomicgas. Theresultscover
a rangeofMachnumbersfrom1.5to infinityanddeflectionanglesfrom
zeroup tothoseapproachingshockdetaclqnent.Calculationsof surface-
pressuregradientandshock-wavecurvaturearealsomadeforcurvedair-
foilsin supersonicflowofa caloricallyimperfect,diatomicgas. These
calculationsarequantitativelyapplicableinca;eswheretheairtemper-
atures,damstresmoftheshockwave,donotexceedabout~000°Ra@ine.

Whenflowconditionsapproachthoseatwhichshockwavesdetachfrom
airfoils,thesurface-pressuregradientandshock-wavecurvaturevary
widelyfromthevaluespredictedby a generalizedshock-expansioqmethod.
Otherwise,theuseoftheshock-expansionmethodintroducesonlysmaU
errors,particularlyinthecaseofidealgasflows.Theeffectof
caloricimperfectionsinairisto increasetheseerrors.

An approximateprocedurefordeterminingtheflowfielda short
distancedo~mstreamoftheleadingedgeisalsopresented.

INTRODUCTION

Flowintheregionoftheleadingedgeofan airfoilwithattached
shockwavehasbeenstudiedby numerousinvestigators,includingCrocco
(reference1),andmorerecentlyMunkandPrim(reference2),Schaefer
(reference3), andThomas(reference4). .Withtheassumptionsthatthe
flowis steady,two-dimensional,tidinviscid,andthatairbehavesasan

,
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2 NACATN 2729

ideal(diatomic)gas,ithasbeenfoundthateffectsontheflowof
/

interactionbetweentheshockwaveemanatingfromtheleadingedgeand “
otherdisturbancesemanatingfromthesurfacecanbe calculated.It iS
tobe expected,therefore,thatwithinthelimitationsoftheseassump-
tions,suchparametersas surface-pressuregradientandshock-wave
curvatureattheleadingedgeofanairfoilcanbe accuratelypredicted.
Thefirstpurposeofthepresentreportistopresentvaluesofthese
psmmetersfora widerangeofMachnumbersandflowdeflectionangles,
therebysupplementingsmdextendingtheresultspresentedinreference2.

Supersonicflowabout”airfoilswasinvestigatedmoregenerallyby
EggersandSyvertson(reference~) anditwasfoundthatcaloricimper-
fectionsinairinfluencetheflowappreciablyathigherMachnumbers
wherethetemperaturesofthedisturbedairarewellaboveambient
temperatures.Theyuseda generalizedmethodof chsracteripticstotake
intoaccounttheseimperfectionsattemperaturesup to about~0000
Rankine.Itwasfurthershownthattheshock-expansionmethod,general-
izedto includemajoreffectsof interactionbetweenshockwavesand
disturbancesincidentthereonandto accountforeffectsofcaloric
hperfections,shouldpredicttheflowfieldaboutsmairfoilwith
reasonableaccuracy.Theadvantageofthismethodoverthemethodof
characteristicsis,of course,itsrelativesimplicity.

Flowintheregionoftheleadingedgeofanairfoilwasnotcon-
sideredindetail,however,inreference~. An additionalobjectiveof
thepresentpaperis,then,to determineeffectsof caloricimperfections
onflowinthisregion,usinga methodanalogousto thatofMunkandPrim
foridealgasflows,particularattentionbeinggivento surface-pressure
~adientandshock-wavecurvatureattheleadingedge.Predictionsof
thesequantitiesby thegeneralizedshock-expansionmethodarealsopre-
sentedforbothidealandcaloricallyimperfectgasflows.

Sinceit isusefultoknowtheflowconditionsa shortdistance
downstreamoftheleading
forflowaboutairfoils),
fieldisalsodiscussed.
surface-pressuregradient

edge(e.g.,to startcharacteristicssolutions
anapproxhatemethodofdeterminingthisflow
Thismethoddependson a knowledgeofthe
andshock-wavecurvatureattheleadingedge.

SYMBOLS

characteristiccoordinates,feet

curvature,feet-l

Machnumber(ratioof”loc-alvelocityto localspeedof sound)
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ratioof staticpressuredownstreamoftheshockwaveto free-
streamstaticpressure

absolutetemperature,de~eesRankine
‘

distancemeasuredfromleadingedgealongairfoilsurface,feet

rectangularcoordinates,feet

Machangle
(=’ ‘in*), ‘e-e’s

anglebetweenshockwaveandflowdirectionjustdownstreamof
theshockwave,degrees

!

ratioof specificheatat constantpressureto specificheatat
constantvolume

anglebetweenflowdirectionjustdownstreamoftheshockwave
andflowdirectionofthefreestream,degrees

moleculsrvibrationalener~ constant,degreesRankine
(55@0Rforair)

ratiooftheshock-wavecurvatureto thatgivenby theshock-
expansionmethod

ratioofdensityjustdownstreamoftheshockwavetothefree-
streamdensity

anglebetweenflowdirectionoffreestreamandshockwave,
degrees

ratioof surface-pressuregradienttothatgivenby theshock-
expansionmethod-

Subscripts

.

free-streamconditions

idealgasquantities

conditionsattheleadingedgeimmediatelydownstreamof the
shockwave

conditionsalongthe

conditionsalongthe

shockwave I

airfoilsurface
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ANALYSISOFFLOWINTHEREGIONOFTHELEADING

Calculationof Surface-HessureGradient
andShock-WaveCurvature

NACATN2729

EDGE

A curvedtwo-dimensionalairfoilsurfacecreatespressuredisturb-
anceswhichalterthe inclinationof an attachedleading-edgeshock
wave. Figure1 illustratesthegeometryofthisphenomenonfora convex
airfoil.Thepressuredisturbances(expansionwavesfora convex
airfoil)travelalongfirst-fsmil.yMachlines Cl andinteractwiththe
obliqueshockwave. Inadditionto changingtheinclinationofthe
shockwave,thisinteractionproducesWothersystemofdisturbances
whichtravelalongsecond-familyMachlines Cz fromtheshockwaveto
thebody.

Methodof characteristics.-An exactsolutionforthesurfacq-
pressuregradientandshock-wavecurvatureattheleadingedgemaybe
determinedby themethodof characteristics,inthefollowingmanner.
It isclesr,referringto figure1,thatthedifferenceinflowangle
betweenpointsA andC givenbythecompatibilityequations(see
reference2) “

(1)

/d5 ‘) sin2a.
(m~== ~7p

(2)

alongthepathABCmustequalthatdeterminedby theabfoilsurface
fromA toC. Also,thedifferenceinpressurebetweenpointsB andD
givenbythesecompatibilityequationsalongthepathBCDmustequal
thatdeterminedlythechangein shock-waveinclinationbetweenB andD.
Inreference2,theseconditionswereemployedattheleadingedgeto
obtainequations,ina simpleparametricform,fordeterminingthe
surface-pressure~adientsandtheshock-wavecurvatures,.

These.equationscanbewrittenintheform

la? Z+l_— = (3)
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forthesurface-pressuregradient,and ..

G

fortheshock-wave

Zsin(a-u+5)-sin (a+ a-b)
=

()(z-1)sina ,% ‘
s

curvature,where

[ ][

(dP/@, (d5/dP)C=+l
(dP/d5),(d5/dP)C-1

2

5

(4) ~

1Sin(a+ u-b)” (5)Sin(u-cl+ b).

I A procedureforevaluatingequations(3) smd(4)fora &lorically
imperfect,diatomicgas,aswellasforan idem gas,ispresentedinthe
appendixofthisreport.Thevaluesof surface-pressuregradientand
shock-wavecurvatureattheleadingedgedeterminedusingtheseequa-.
tionsareexactfortwo-dimensional,steady,inviscid’flaws.

TwoapplicationsoftheseequationswilJ.be considered:First,the
accuracyof approximatemethodsof calculatingtheflowfieldabouta
curvedairfoilcanbe evaluatedattheleadingedgeby comparingthe
valuesof surface-pressuregradientandshock-wavecurvaturepredicted
by theseapproximatemethodstothevaluesobtainedusingequations(3)
and(4). Second,thepressuregradientandshook-wavecurvaturecanbe
usedtodeterminetheapproximateflowfield,betweenthebodyandthe
shockwave,a shortdistancedofitreamoftheleadingedgeandthereby
obtaintheinitialpointsofa characteristicssolution.

Shock-expansionmethod.-An approximatesolutionforthesurface-
pressuregradientandshock-wavecurvaturemaybe obtainedusingthe
shock-expansionmethod.EggersandSyvertson(reference~),intheir
generaldiscussionoftheentireflowfieldaboutairfoils,foundthat
disturbancesincidentonan obliqueshockwavewerealmostentirelycon-
sumedinchangingtheshock-waveinclination,andthatthereflected
disturbanceswereweakenough,inmostcases,tobe neglected.Thus,as
a firstapproxhation,thedeflectionangleandpressure,butnotneces-
sarilytheMachnuriberandentropy,canbe consideredconstantalong
first-familyMachlines.Theuseofthisassumptionleadsto a gener-
alizedshock-exyansionmethodforcalculatingtheentireflowfieldabout
anairfoil.Theapplicationofthisapproximatemethodtotheanalysis
offlowintheregionoftheleadingedgeisnowconsidered.

Ifthedisturb~cesreflectedfromtheshockwavecanbe neglected,

. .

(6)

t
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Hence,fromequation(5), Z mustbe largecomparedtounity.Ifthis
ap~roximationismade,theexpressionforthesurface-pressurepymiient
(equation(3)) reducesto

lW—.
Kw dW

Similarly,theexpressionforthe

‘*
shock-wavecurvature(equation(4))

(7)

reducesto

KS
~=

Bin(a-a+a)

()
(8)

d5
za sina

1

It shouldberealizedthattheflowfieldisdeterminedby the
basicflowequationsinconjunctionwiththeshockwaveandairfoil
surfaceasboundaryconditions.Thus,theadditionalrequirementfor
thisshock-expansionmethodof zeropressure~adientalongfirst-family
Machlinesmeansthatoneoftheflowrelationscannotbe satisfied
exactly(i.e.,theflowfieldisoverdetermined).Equations(7) and (8)
satisfytheshockrelationsandtheairfoilsurfaceasboundarycondi-
tions;however,thecanpatibilityequationsareonlyapproximately
satisfied.

Theerrorin surface-pressuregyadientassociatedwithneglecting
thereflecteddisturbancesmightbe e~ectedtobe largestintheregion
oftheleadingedgeofa curvedairfoilduetothecloseproximityof
theshockwaveandthesurface.Themagnitudeoftheerrorinthisregion
maybe deduced,ofcourse,fromtheratiosofvaluesof surface-pressure
~adientandshock-wavecurvaturegivenby thecharacteristicsmethodto
thosegivenbytheshock-expansionmethod.Thesurface-pressure-gxadient
ratioand
and(7))

shock-wave-curvature

and(usingequations

K=

ratiocanbewritten(usingequations(3)

$=Z+l
z -1

(k) and(8))

Zsin(a-u+t3)-sin(a +u-5)
(z- l)sin(a-a+b)

(9)

respectively.ATrocedureforevaluatingequations(9) and(10)for
flowofa caloricallyimperfectgas,aswellasforan idealgas,is
presentedintheappendixofthisre~ort.(Theapplicationofequa-
tion(9) foridealgasflowhasalreadybeengiveninreference2.)

(lo)
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7NACJITN2729

CalculationoftheFlowFielda ShortDistance
Downstream,oftheLeadingEdge

A knowledgeof,tievaluesofflowparametersalonga linefromthe
bodytotheshockwaveisusefulin startingcharacteristicsor shock-
expansionsolutionsfortheentireflowfield.A methodisnowpre-
sentedforapproximatingtheseparametersalonga first-familyMachline
a shortdistancedownstreamoftheleadingedge. Intheregionofthe
leadingedge,theairfoil,theshockwave,anda first-familyMachline
areapproximatedby circulararcs,as sho~minfigure2. Theequations
oftheairfoilsurfaceandtheshockwavecanthe:bewritten(lmowing
theslopeandcurvatureattheleadingedge)

and
.

Cos bN
Yw=-- +

‘WN

respectively.If itis’assumed
alongtheairfoilsurfacefora
edge,thepressuredistribution
thesurfaceareknownsincethe
known(see~reviousanalysis).

- (KWNXW- Sin 5N)2

-‘WN
(11)-

- (K8NX8 - sinaN)2

‘EN
(12)

thatthepressure~adientisconstant
shortdistancedownstreamoftheleading
andthusallotherflowconditionsat
flowconditionsattheleadingedgeare
Sincetheshockwaveisapproximatedby

a circulararc,theflowconditionsjustdownstreamoftheshockwaveare
alsoknown.Thus,theflowparameters,’andconsequentlytheslopesofa
first-familyMachline,will.be knownat itsintersectionswiththebody
andtheshockwave. Theproblem,then,isto determinethecurvature,
andthustheequationofthisMachline.Thefollowinganalysisis
devotedtothismatter.

To theaccuracyofthepresentanalysis,theflowsm~e 5 andthe
Machanglea varylinearlywithdistancealongtheMachline.Thus
(seefig.2)

(13)

L - — .—.—
.—_- —.-...— .—e .———.—.— -
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wherethelocalflowangleandlocalkach
canbewritten(asa firstapproximation)

NACATN2729

angleattheairfoilsurface

respectively.

Similarly,attheshockwave,

and

(14)

(15)

(16)

()~%~N+ & K8NxB secaN (17)

It ispossibletodetermine
(%~, ($i), y w (~)N ‘“r

@perfectgasflowaswellasfor’idealgasflow. Thus,animp~cit
relationbetween.8 and ~ canbe foundfromequations(1.1)through
(17).

Theequationofthecirculararcapproxhatingthefirst-fsmily
Machlinemaybewritten,foranyinitial~ (knowingtheslopesatthe
intersectionofthislinewiththeshockwaveandthebody)

KwN

Cos(~ + 5J

%1 ‘
(18)

,,
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AtpointB, theintersectionoftheshockwaveandthefirst-familyMach
line,equation(18)maybe solvedfor ~1, usingtheimplicitrelation
betweenX8 andXw. Substitutingthisvalueof I& intoequation(18),
anequationrelatingyCl~d %1 alongthefirst-fsmilyMachlinecan

be foundforeveryvalueof Xw.

Thepressureandflowa@le atA andB andthechangesinpressure
audflowanglefromA toB maybe determined.Thechangeinpressure
withchangeinflowangleshouldagree(to’thedesireddegreeofaccu-
racy)withthatcalculatedusingthebasiccompatibilityrelation,
nsmely,

.

B
@? ~ 7(PA+ PB)
z ‘- Sin(~A+ ~B)

A

AnysignificantdifferenceshouldbediminishedbychoosingpointA
closertotheleadingedge.

Theanglesb and a aredown at eachpointalongthisfirst-
familyMachline,andthepressurevariationmaybe determinedusing
thecharacteristicscompatibilityequation(equation(l)).Hencethe
entropyvariationcanalsobe determined.Therefore,allnecessary
flowparametersaredefinedalongthisline,renderingita goodstart-
inglinefora characteristicssolutionfortheentireflowfield.

DISCUSSION

IdealGasFlows

Surface-pressuregradient.-Theresultsofthecalculations(using
equation(A4)oftheappendix)of surface-pressure~adientarepresented
intableI andfigures3 andk. ThevaluespresentedintableI arefor
a rangeofMachnumbersfrom1.5to w andforleading-edgedeflection
anglesfrom0°to45°. Wherenovalueappearsinthetable,theflow
behindtheshockwaveis subsonic.Additionalcalculations;notpre-
sentedinthetable,were”madetopermittheaccurateplottingof curves~
tothepointwheretheflowbehindtheshockwaveattainssonic’velocity.~

%hartswerealsopresentedforsurface-pressuregradient,surface-
pressqre-gradientratio,andshock-wavecurvatureforidealgasflows
inreference2;however,theresultsgiveninthepresentreportare
somewhatmoreefiensive.

L-.——-.——--.–—----- .— — — ——.— —.—- .-



10 ~ NACATN 2729

Su.rface-pressure-gradientratio.-Theresultsofthecalculations
of surface-pressure-gradientratio(equation(A6))=e presentedin
tableIIandfigures~ and6 ina mannersimilarto thepresentationof
thesurface-pressuregxadient.Rcomtheseresults,itis seenthat,
exceptneardetachment,thesurface-pressure-gradientratiovaries
betweenapproximately0.88and1.12forallMachnumbersincludingm.
Belowa Machnunberof4 theratiovariesonlyfrom0.98to 1.02,
exceptneardetachment.Therefore,littleerror,willresultfromthe
useoftheshock-expansionmethodforthesurface-pressuregradientat
theleadingedgeofairfoilsforMachnumberslessthsm4. Neardetach-
ment,forMachnunbersgreaterthanapprotiately2,thesurface-
pressure-gradientratioattainsa verylargerangeofvalues.Themaxi-
mumvalueoftheratioincreaseswithMachntiber.Theuseofthe
surface-pressuregradientattheleadingedgeasgivenby theshock-
expansionmethodwouldresultin appreciableerrorneardetachment
conditions.

It shouldbenotedthat,fortheparticularcaseofinfinitefree-
streamMach-nmiberandzerodeflectionangle,thepressure-gradient
ratio~ isdouble-valued.Fromequation(A6),it-isapparentthat ~
is1 forzerodeflection.Yet,at infinitefree-stre&unMachnumber,
v approaches0.8822asthedeflectionangleapproacheszero.

Theflowalongthesurfaceis isentropic.Hence,it canbe shown
that‘v,theratioof surface-pressuregradientto thatgivenbythe
generalizedshock-expansionmethod,isalsothevelocity-gradientratio,
theMachnumbergradientratio,theMachanglegradientratio,the
density-~adientratio,andthetemperature-gradientratio.Anyofthese
gradientsmaybe found,then,by calculatingthegradientusingthe
shock-expansionmethotianda~plyingthea~ropriatevalueof v. This
propertyoftheratio $ makesitusefulinthe-ap@icationofthe
methodofcharacteristicswithanyofthecoordinatesystemscommonly
employedinthecompatibilityequations.

Shock-wave’curvature.-Theresultsofthecalculationsof shock-
wavecurvature(equation(A5))arepresentedintableIIIandfigures7
and8. It isclearfromequation(A5)that K8/~ iE zeroforzero
deflectionangle.However,whenthefree-streamMachnuuiberisinfinite,
K8~~ approaches0.800sasthedeflectionangleapproacheszero.Thus,
K8/~ isdouble-valuedat M = m, 5 ‘=O. ,

I

*e precisevalueof * forthisldmitis ~+ W*

%!helimiting valueof ~j~ is &. ., .

4
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Shock-wave-curvatureratio.-Theshock-wave-curvatureratiofor
variousfree-streamMachnumbersanddeflectionandes.hasbeencalcu-
latedby meansofequations(8)and(A5).There&.tsofthesecalcula-
tionsarepresentedin tableIVandfigures9 and10. It isinteresting
tonotethatthecurvesinfigure9 are similarto thereciprocalsofthe
curvesshowninfigure5. Indeed,thisconclusioncanbe deducedby
comparingequations(9) and(10).Exceptneardetachment,thecurvature
ratiovariesfrom0.92to1.08forallbch numbersincludingm.
Thus,onlymoderateerrorswouldresultfromusingthevalueof shock-
wavecurvaturegivenby theshock-expansionmethodforallflowcondi-
tionsexceptneardetachment.Fprzerodeflectionangle,it isapparent
fromequation(10)thkt ~ mustbe 1. However,forinfinitefree-stream
Machnumber,~ approaches1.0724as thedeflectionangleapproaches
zero.Thus ~ isalsodouble”-valued.

CaloricallyImperfectGasFlows

Thetemperatureratioacrossanobliqueshockwave
increasingMachnumberandleading-edge’slope,as sho~m
As thetenmeraturebehindtheshockwaveincreases,the

increaseswith
in figureIl.
beha~orofthe

airdivergesfromthatofan idealgas. Below800bRankine,thediver-
genceisnotsignificant,andtheequationsforide&lgasflowcanbe
appliedwithonlyminuteerrorsresulting.

Above8000Rankine,theener~ ofthevibrationaldegeesoffreedom
ofthegasmoleculesisappreciableandbecomesgreaterwithincreasing
temperature.As a result,theratioof specificheatsvarieswithtem-
perature,asdiscussedbyEggersinreference6.

Asmentionedpreviously,equationsweredevelopedinreference5
permittingthecalculationoftheflowofa diatomic,calorically
imperfectgasabouttwo-dimensionalairfoils.Theseequationsapplyfor i
temperaturesup totheorderof5000°Rankineandformthebasisforthe
extensionofthesolutionforsurface-pressuregradient,surface-pressure-
gradientratio,shock-wavecurvature,andshock-wave-curvatureratioto
thecaseof caloricallyimperfectgases.Fora free-streamtemperature
of503°Rankine,theshadedareabetweenlinesofconstanttemperature
ratioof1.5and10,infigureXl,representstheapyroxhaterangeof
conditionsforwhichthemethoddevelopedinthisreportfortheflowof
a diatomic,caloricallyhrperfectgaswouldapply.Therangeshownin
figure11 isonlyapproximate,sinceitwascalculatedusingidealgas-
flowequations.

4The exactlimitingvalueof K is y+l . ‘%

I
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12 NACATN 2729

Theexcitationofthevibrationalde~eesoffreedomofthegas
moleculesrequiresa finitenumberof collisions,causingthewell-lmown
heat-capacitylagdiscussedby BetheandTellerinreference7. The
flowdistance(i.e.,alongthestreamline)requiredto establishequi-
libriaconditionsisusuallysmallindenseairandwillbe considered
infinitesimalinthisreport.5

Sincethefree-stresmstatictemperatureisan additionalparameter I
in calculationsofflowof imperfectgases,onlya limitednumberof
calculationsof (l/Kw)(dP/dW),$, KS/Kw,and ~ weremade. Thepurpose
of thesecalculationsisto comparethevariationsofthesequantities
withthevaluesas givenby theideal-es-flowcomputations.Thecalcu-
lationsfollowedtheproceduredescribedintheappendix.A free-stream ,

I
statictemperatureof 500°Rankinewasused. Theresultsofthesecalcu-
lationsarepresentedintableV forvariousMachnuaibersandleading-
edgedeflectionangles. I

[
The surface-pressuregradientsforan idealgasandfora calorically

imperfect,diatomicgasarecomparedinfigure12. In allcasescalcu-
lated,thegradientis smallerfortheimperfectgasanddivergesgradu-
ally,withincreasingfree-streamMachnumberanddeflectionangle,from
thevalueof the~adientforan idealgas. Thisdivergenceisconsist-
entwiththeincreasingeffectsofthecaloricimperfectionsduetothe
increasingtemperature.behindtheshockwave.

The‘surface-pressure-gradientratiofortheimperfectgasis
comparedinfigure13withtheratioforan idealgas. Theangle ~
betweentheshockwaveandtheleadingedgeoftheairfoilis smaller
forimperfectgasflowsthanforidealgasflows,andshock-wave .
expansion-waveinteractioneffectsareincreased.As a result,the
surface-pressure-gradientratiois smallerforimperfectgasflowsthan
foridealgasflows.Thisdifferenceintheangle @ is a ~ction @

thetemperaturebehindtheshockwave. Thus,thesurface-pressue-
~adientratioforimperfectgasflowsdivergesfromtheratioforideal
gas‘flowswithincreasingMachnumberanddeflectionangle.

A divergencewithMachnumberanddeflectionangleisalsoapparent
infigure14 inwhichiscomparedtheshock-wavecurvatureforanideal
gasanda caloricallyimperfect,diatomicgas. Thisdivergenceis
compatiblewiththechangein surface-pressuregradientduetothecaloric
imperfectionsofthegas.

5Thedissociationofairattemperaturesgreaterthanabout5000°Rankine
isalsodiscussedinreference7. Thisphenomenonisnotconsideredin

I thepresentreport.
.

n
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Theshock-wave-curvatureratiofora calorictiqhperfect,
diatomicgasandthisratioforanidealgasareshowninfigure15.
Againitis seenthattheeffectofcaloricimperfectionisto increase
theeffectsof shock-waveexpansion-waveinteraction.

CONCLUDINGREMARKS

Thesupersonicflowfieldintheregionoftheleadingedgeof
curvedtwo-dtiensionalairfoilshasbeeninvestigated.

A setoftablesandchartshasbeenpresentedgivingthesurface-
pressuregradientandshock-wavecurvatureattheleadingedgeforan
idealgasfora largerangeoffree-streamMachnumbersandleading-edge
deflectionangles.Previouslyderivedequationsforsurface-pressure
g?adientandshock-wavecurvaturehavebeenextendedtopermitthe
determinationofthesequantitiesforflowofa caloricallyimperfect,
diatomicgas.‘Boththepreviouslyderivedequationsandtheextended
equationshavebeenmodifiedsothattheshock-wavecurvatureand
surface-pressuregradientareconsistentwiththeassumptionsofa
generalizedshock-expansionmethod.Valuesof surface-pressuregradient
andshock-wavecurvaturehavebeencomparedwiththevaluesgivenby the
modifiedequations.Ithasbeenshownthat,exceptnearconditionsat
whichtheshockwavedetachesfromtheairfoil,onlymoderateerrors
wouldresultfrom’usingthevaluesgivenby shock-expansionequations
forflowofan idealgas. Ithasalsobeenshownthatcaloricimper-
fectionsofairincreasetheerror.

An approximateprocedurehasbeenpresentedfordeterminingthe
flowfielda shortdistancedownstreamoftheleadingedge.Thispro-
ceduredependsona knowledgeofthesurface-pressuregradientandshock-
wavecurvatureattheleadingedge.

AmesAeronauticalLaboratoryjII NationalAdvtsoryCommittee
MoffettField,Calif.,

forAeronautics,
m. 31,1952.
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APPENDIX

tiALUMTONOF (l/KW)(dF/dW),Ks/Kv,~, md ~

NACAm 2729

Foran idealgas,theMachnuaiber,Machangle,shock-waveangle,
andpressureratiocanbe calculatedattheleadingedgeusingthe
standardRankine-Hugoniotshockrelationsandutilizingthefree-stream
Machnuniberandleading-edgedeflectionangle.Hence (db/~)C2canbe
determinedfromequation(2)oftheanalysis.Withtheseflowparameters
known,theonly$ermsstilltobe determinedinequations(3),(4),(5),
(9),ad (10)are (dP/db),and(d~/da)~.

Now(seereference2)
.

(Al)

where

%
2y~=sin2cr

()
\ (A2)

z~ = 7+1

smd

Equations(A2)
Hugoniotshock

. — —.

[1
2

&+l&= sin2(s

1+
J%&in2u
2(y-1)

(A3)

and(A3)arethederivativesoftheformsoftheRankine-
relationsgiveninreference2.

— — . ————
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Usingthe
itispossible
analysis)into

15

standardformsoftheRankine-Hugoniotshockrelations,
totransfomequations(3),(4),and”(9)(giveninthe -

[

(co8 a1+: 1
CC&p ‘~~ Ei& fj)“12 7%2 sin2 rJ-(y-1)

tan2 f3 1 (Cos’=a 1 ) 7+1
—+- —
ta&a 2 co@ ~ + %2 sin2u

1- -1
(A4)

forthesurface-pressuregradient,

fortheshock-wavecurvature,and

r -1

(1 Cos%+ 1
l+-—

2 CO$2$ M02sin2a ) t& p
tan2p 1

(
cos2a + 1

)

tana -
tan2a ‘z COSZ$ Modsin2u

(A5)

(A6)

L d

forthesurface-press~e-gr&lient~atio.Theseequationsaresimilarto
thosegivenby Schaefer inreference3 andrequirelessworkto compute
thanequations(3),(4),and(9).

Fora caloricallyimperfect,diatomicgas,thestandardshock
relationsobviouslyarepotapplicable.However,expressionsforthe
relationsforflowofa caloricallyimperfectgasthroughanoblique
shockwavehavebeendevelopedinreference5.

.

.._.—...— —.,. . .—.—.. — .-.— — — — -,.— ---- -----
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Thuswe bawe,asa functionofthelocalstatictemperatureand
free-streamconditions

=7, 1++ kn.::mJ
/ /1

1 + (y+)

where Yi= l.~0 and e =

TheMachnumberimmediately
r

()t32.—
T

.
5500°R.

downstream

ee/T

( )]e/T2
1 -e

oftheshockcanbe written

(A7)

1

Therelationsforthepressureanddensityratiosacrosstheshockare

Ps = 2
‘2 JA9)

(l+Z#S%&l+Y~2) +
JI

(l+7#@)-91+7*3j +*

and

1 ,s
—=—
PEj %%s

(Ale)

respectively.Theexpressionsforthe
deflectionangleare

7~,~.—

and

shock-waveangleandtheflow
.2

()

Ms
70To R ‘1BW2U =

()

1=
G -1

(Yo~2~cot6s=tan(s —–
Ps-1 )

(All)

.— .— — ._ _.— .—-— -— .—-—-— .. . . . — .
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respectively.Equations(A7)through(AM?)arevalidfor
downstreamoftheshockwaveup totheorderof5000°R.

.

17

temperatures

Theprimaryvariableisthetemperature,immediatelydownstreamof
theshockwave.

and

.

Differentiation

Hence,we canwrite

(~/dT)s
‘w’d5)s=(d8/dT)s‘ ~

(db/dT)
(d8/du)s= ~da,dT)s

s

ofequation(A9)yields

(J=3)

(Alk)

w+’+
whereF = 1 + 7s~2 - Q

.

—— ——. -. —— -.. . ———. -——— ___
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where

,, .f-=-p+*)l-7B(7i-OT~
7B e -1

/.

u

arid
\

‘1

;+, %l(-J’TJ&+f@~’Ts-’(&- e“’T’l
‘L [1+(7,-1)[(+7&i;*y]](-:”7-

)(:$sjJ(7i-1)’[(-lw’’’)&4+f52$e5”T j’”Tj .

/0 2
,%

2

(-1+ ‘“”J 11 + (7i-1)

[ ‘&y” *

we obtatiedby differentiatingeguat
Similarly,differentiationorequation(~) yields

()
~~ ‘-~fQ2 ~

“1

t~ .~7&@)] -

GB= (P*-1)2
+ (Z$f-1).e..% (%)]

(Am)
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The ?rocedue for calculating & ~, & +, ~a K ia atralghtforwe,rdwiththe aid of the

preceding equations and may be s&ma “rized as foldows:

1. For ~Y ~, Kw, and ~, choose To and Ta/To. An qpro~te valueof Ta/~ my be
obtained from figure EL.

2. Calcmte 7a (equation (A7))

3. Calculate ~ (equation (M) )

4. Calculate Pa (equation (A9))

. 5. Calculate & (equation (AJ.0))
Pa

6. Cdtite UN (equation (All))

7. Calculate 8a (equation (AM)) .

If this tiu Of 6a is not close enough.to the desired value of 6N, iterate, choosing~a
new Ta/~.

(A19)

(A20)
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()8. Calctiate~ (equation(A17))
s

9- Calcu.late
(?=8

(equation(Q6)) -

10.
U

Calculatew (equation(A15))
ms

11..Calculate[WI (equation(A20))

12. Calculate‘da ‘s
()

(equation(A19))
ZB

13.
()

Calculate‘8 (equation(u8))
ES

14. Calculate
()
-e (eqtition(A13))
SB

()

.
15. Calculate‘6 (equation(2))

z c=
16. CalculateZ (equation(5))

17. Calculate— —
;Z

(equation(3))

18. Calculatev (equation(9))

19. Calculate
.()
db
ZB77

(equation(A14))

20. Calculate‘s (equation(4))
~

21. Calculate~ (equation(10))

/

\
.
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TABLE I.- SORFACE—PNKWJRE GRADIENT,

r .

8N 1.>

00 2.8175

2.00 3.0893

5.00 3.6146

7’.504.2$+85’

10.005.8776

15.0°

20.00

25.00

30.cP

35.00

40.00

~45.O’J

2.0

1.2332

1.~297

}.0135

1.4590

1.97W

;.1853

L7654

J.
Surface -pressure gradient, yw

3.0 ] 4.0

4.4550 5.7’827

5.0384 6.8G91

6.cK1778.5769

6.896210.2k28

?.8492L2.0538

9.907815.9604

L2.U85 19.9892

14.560723.9362

L8.2498 27.9349

33.8949

5.0I 6.0

7.1426 8.5226

8.7576 10 .87CKI

L1.6359 15.1989

L4.4132 19.4482

L7.4590 24.121.2

?4.cool 34.0605

30.5936 43.8720

36.7961 52.8797

42.54-28 60 .9y29

48.8338 68.8CQ3

71.7623 84.9024

1
8.0

u .2897

15.5882

23.9418,

32.29*

41.4247

6Q.32CP

78.3454

94.4435

108.339

L200915

139.21_8

LP
m

10.0

14.068(

20.9907

35.(Q25

49.102(

64.229:

94.D6:

123.225

148.323”

169.705

188.457

2x?.761

15.0

21.04-50

37.7826

74.0084

103.319

145.6-62

216.102

280.229

336.203

383.415

423.792

471.107

1727.39

-32!
28.03~

59.8143

130.20?

195.900

261.647

387.105

7)0.693

599.L531

682.891

753.506

833.~O

L711.33

v

N

I

I

.— —-
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TABLE II.- SURFACE-FRE9SURE-GRADIXNT RATIO

I
I

I

I

* 1.5

00 l.m

2.001.00003

5.0°1.cmo39

7.!3°1.Q0134

10.0° .99781

15.00

~,oo

29.@

30”.00

35.00

40.00

43,00

2.0

1.CKXU

1.00001

loom

1.000M

1.001.11

1.00561

1.CQ4%

Surface-lresaure-gradient ratio, *

3.0 4.0

1.002001.0000C

.99999.%9X

.gg@l .995?42

.99948.99814

.9@33 .99594

.99696.98947

.W .*U

.99972.97831

.,02540.98254

1.01645

5.0

L.OQWC

.s99%

.99874

.99614

.99197

.98376

.96961

.96=5

.96218

.97870

..11404

6.0 ] 8.0 I 10.0

..m l.occa 1.00000

.99984,.99962.-

“997’79.$9497.99097

.99348.98638.97773

“98704●97535 .96305

.97150.95428.93913

.95779.93m .92528

.94932.9309C.91939

.94820.93049.$2036

●96w- .94073.93066

“02772.93347.96724

I I

15.0 20.0

!.m l.m

.99762.99477

.~28 .96181

.95497.93622

.93693.91979

:.91583.90412

.90714.89914

.9521 .89942

.90972.90417

.91990.91585

.95228..94718

..737421.32519

%

w

.89200

.852(X3

.88218

.8a251

.88305

. f!@k62

.8/3717

.89=7

.89790

.91042

.9k066

.m
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TABIJZIII.- EHCKK-WAVECURVATURE

to
-F

I

I

I
I

8N

00

2.0°

~.d’

7.5°

10.OO

15.001

20.00’

25.,00

30.00

35.00

40.00’

45.00

-=-k-
) 0

.@969 .045475

●36983 .18267

.79882 .25534

.44870

.91907

3.0

0

,048052

. 12u7

.18275

.24470

.37040

● 505Q9

.67561

1.01371

4.0

)

.0-57669

.14497

.21696

.28694

.41833

=53*

.66337

.82220

1.16770

5.0

)

.068912

.17278

.25659

.33539

.47374

●59947

.69563

.81683

L.02u8

?.03993

6.0 I 8.0

) o

.080794.10542

.20179I .25987

●W .37332

.38294 .!.6763

.52Ak2 1 .6uU3

.63325 .697m

.T27@ .77233

.82937 .85366

.98902 .97730

L.W 1.29256

I

10.0 15.0 20.0 =

) o 0 0.80xK)

.13051 .19314 .25373 .80024

.31557 .43574 .%642 .80185

●4%39 .56524 .64172 .80425

“5354’9 .64596 .70424 .80764

.65972 .73454 ..767’79 .81815

.737(E .78626 .8c%46 .83520

.7964 .83183 .84451 .86232

.86952 .88850 .89Q4 .90643

.97794 .*W .984-03 .9875o

..23976 1. 2ol&3 1. 19U4 1.17917

7●fj5&39 3.82862 2.81.101

I

I

.
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TABLE rv. - SHCEK-WAVE-CURVAIUKERATIO

1.5

I-.cWCQ

.W47

.99833

.99693

1..CO24

Shock-wave-curvature Ratio, K

2.0 [ 3.0 I 4.0

..0000 1.00001.0000

.9%37 1.0004 l,m04

● S95=( l.ooa 1. CXY25

. 9*25 I. cm18 1.0052

.S9679 1.C030 1.0096

.99117 ]1.CX15111.olw

.97958~.~52 1.0192

L
1.0003 1.0194

.98301 .01-28

. BCtu

5.0

1.OWQ

1. 0CQ7

1.0043

1.0090

1.0142

1.0236

1.0295

1.03C9

1.0266

1.0126

.95371

6.0

1.0000

l.cm.l

1.06s

1.0131

1.019

1.03C9

1.0372

1.0386

1.0348

1.0232

.98788

8.0

l.m

1.0021

1.01148

I-.(Ku8

1.03007

1.04203

1.04737

1.04785

1.04y3g

1.03362

1.00774

10.0

1.OCOO

1. cm34

1.0171

1.0289

1.0384

1.0495

1.0533

1.0528

1.0484

1.0387

1.0155

15.0

l.om)

1.0062

1.0297

1.0436

1.0519

1.0590

1.MJ32

I-. 0582

1.0532

1.0435

1.0227

. a9547

20.0

1.OWO

1.o122

1.0401

1.0526

1.0589

1.C%31

1.0630

1.0603

1.Q5W

1.0453

1.0252

.92416

.

‘m

1.0718

1.0717

1.0715

1.0712

1.0706’

1.0591

1.066T

i.0630

1.0573

1.0476

1. CQ82

.94753

w

G I
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TABLEV.-SURFACE-PRESSUREGRADIENT,
. RATIO,SHOCK-WA~CURVATURE,AND

NACATN 2729

SURFACE-PRESSURE-GRADIENT
SHCCK-WA~-CURVATURE

RATIOFORA CALORICALLYR@ERFECT,DIATOMICGAS
ITO = 500° ~1

Mo

3

5

5

5

10

10

10

10

20

20

20

20

8°

30.4757

20.4748

31.0968

41.0064

10●0129

20.5239

31.2637

42.9772

10.6610

20.9696

32.5087

39.1836

T8/To
2.012

2.138

3.127

4.300

2.108

4.400

7.640

h2.000

4.700

!L2.600

~5.8oo

’35.000

lm’——
Kw dW

18.36

30.94

42.63

60.76

63.87

323.6

169.8

205.2

274.1

515.0

705.1

770.4

v
1.0262

.9675

.954=8

1.0419

.9622

.9SU

.8889

.9178

.9024

.8592

.84Y

.8559

%3/%
1.0212

.5866

●7987

1.5991

.5266

●7137

.8363

1.1678

.69=

.8041

.8915

.9858

R

0.9828

1.0312

1.0313

1●0000

1.0394,.
1.0621

1.0636

1.0365

1.0685

1.0787

1.0753

1.0664

.

aValuesoftemperaturegreaterthan5000°R downstream
oftheshockwave. v

.
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Figure/.— Schemutica’iugmnof supersonicflow
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Figure 3.– Vuriutionof surfuce-pressuregrudientwithfeuding-edge
deflectionanglefor vuriousfree-streamMoth“numbers.
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Figure4.—Vurlutionof surfoce-pressuregruu’iem’with
free-streumMuchnumberfor vuriousIeuo’ing.edge
deflectionong/es.
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figure 5.- VurWionof surfuce-pressure-grudientratio with
deflectionunglefo~ vuriousfree-streumMachnumbers.
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/7gure
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Free-streamMachnumber,MO
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6.-vuriuf~onof sffrface-pressure-grudienfrutiowithfree-streom
Muchnumberfor variousleuo’in~edgedeflectionang/es.
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deflection angle for varlws - free-streom Mach numbers for an Ideal gas and for a co/orko/&
Impertect, diatomic gus.
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F@ure /3.–Comparison of the variation of surface-pressure-gradient ruhb ~with leading-edge

deflectbn ongle for various fme-streom Mach numbers for an ideol gas and for o

cu/orico//y imperfect, dlotomlc gos.
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Rgure /4.-Comparison of the vorlatlm of the shockwave curvuture with the /cad/ng-edge !S
deflection ong/e for various free-stream Mach numbers for an ideu/ gas and fir o !2
calorically imperfect, dlatomlc gos. Q
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Figure /5-Comparison of the vuriotion of shock.wove-curvuture ratio with /eadhu-edue
‘o’ef/ect/on ahgle for various free-stream Much numbers for an /deul gos und >or ;
calor/cQ//y imperfect, dhtomic gas.


